Application of single layered graphene sheets (SLGSs) as resonant sensors in detection of ultrane nanoparticles (NPs) is investigated via molecular dynamics (MD) and nonlocal elasticity approaches. To take into consideration the e®ect of geometric nonlinearity, nonlocality and atomic interactions between SLGSs and NPs, a nonlinear nonlocal plate model carrying an attached mass-spring system is introduced and a combination of pseudo-spectral (PS) and integral quadrature (IQ) methods is proposed to numerically determine the frequency shifts caused by the attached metal NPs. In MD simulations, interactions between carbon-carbon, metalmetal and metal-carbon atoms are described by adaptive intermolecular reactive empirical bond order (AIREBO) potential, embedded atom method (EAM), and Lennard-Jones (L-J) potential, respectively. Nonlocal small-scale parameter is calibrated by matching frequency shifts obtained by nonlocal and MD simulation approaches with same vibration amplitude. The in°uence of nonlinearity, nonlocality and distribution of attached NPs on frequency shifts and sensitivity of the SLGS sensors are discussed in detail.
Introduction
Nowadays, nanotechnology has found a notable role in our daily life due to its wide variety of potential applications in medicine, food industries, environment and energy issues, manufacturing processes, etc., and it has been an attracting topic of investigation in all science and technology¯elds in recent years. The use of nanoparticles (NPs) as a group of advanced engineering materials is rapidly increasing in various industries like electronics, nanocomposites, fuel additives, food packaging, sensors and actuators, and drug delivery because of their unique properties in comparison with bulk material. [1] [2] [3] [4] However, due to high surface to volume ratio, NPs can easily pass through cell membranes in organisms, while their in°uence on biological systems is considered to be critical even if not well understood. Recent researches have reported some evidences for detrimental e®ects of NPs on human cells like lung toxicity. [5] [6] [7] As the release of NPs in environment may occur not only at workplaces but also at any stage of the lifecycle of products, investigation on possible solutions for detecting these aerosolized NPs in environment can be a signi¯cant issue in the¯eld of nanosensors.
Having small sizes and superior mechanical and electrical properties, nanostructural elements are main candidates for nanosensing applications. [8] [9] [10] [11] [12] Among various available chemical and physical methods for sensing nanosized objects, gigahertz nanoresonant sensors which detect these objects from vibration characteristics have received a notable attraction owing to their high value of sensitivity. 13 The detection criterion is established based on measuring the resonant frequency shift of the sensor caused by the attached object due to changes in the total mass of the system. As decreasing the size of resonant sensor is a main solution to improve its sensitivity, 13 the ability of detecting ultra-¯ne NPs is directly related to discover appropriate candidates for resonant sensing applications even at the nanosize. Graphene sheets, as the thinnest twodimensional (2D)°at structures consisting of carbon atoms settled in a hexagonal lattice, have a considerable potential in resonant sensing application due to their remarkable sensing privilege e.g., large surface area, low mass per unit area and high bending sti®ness. The experimental e®orts on the resonant sensing application of graphene sheets are rare up to this time; however, many researchers investigate their capability as resonant sensors in detection of nanosized objects using both continuum and atomistic approaches.
Although continuum approaches have the prominent advantage of modeling nanostructures without any restriction for the number of consisting particles, it is essential to modify them for consideration of discontinuities in atomic domains by introducing smallscale e®ects. In continuum approaches, a graphenebased nanoresonant sensor is usually considered as a nanoplate with attached masses. Shen et al.
14 studied the potential of SLGSs as nanomass sensors by considering the graphene sheet as a rectangular nanoplate with concentrated attached masses based on nonlocal Kirchho® plate theory and Galerkin method. The e®ects of the mass value and position on the frequency shift were discussed. Also, using Kirchho® nonlocal plate theory and Galerkin method, Zhou et al. 15 analyzed a circular graphene sheet carrying a nanoparticle as a nanoresonant mass sensor. Murmu and Adhikari 16 proposed a nonlocal mass sensor model based on vibrating monolayer cantilever graphene sheets. Closed-form equations were derived for the frequency shift due to the added mass. However, their work was limited to lined shape distribution of the masses and linear vibration analysis. Neglecting small-scale e®ects, in a similar work, Adhikari and Chowdhury 17 investigated the possibility of implementing graphene sheets as nanoresonant sensors. Lee et al. 18 analyzed mass detection using a graphene-based nanoresonator in the framework of nonlocal elasticity. The graphene sheet was considered as a rectangular nanoplate with an attached mass and equations of motion are analytically solved for simply supported boundary conditions. In°uence of the small-scale e®ect, size and aspect ratio of SLGS on sensitivity of sensor was discussed in detail. In order to investigate the possibility of double-layered graphene sheets as resonant mass sensors, Natsuki et al. 19 studied vibration of double-layered rectangular graphene sheets resonators as nanoplates using the local continuum elasticity theory. In another resembling work, 20 they explored the potential application of circular graphene sheets for nanoresonant mass sensing. Jalali et al. 21 investigated the potential application of planar nano structures with attached nano particles as nano resonant sensors by introducing a nonlocal plate model and to take into account an elastic connection between the nano plate and the attached nanoparticle, they considered the nano particle as a mass-spring system. Atomistic simulation of graphene-based resonant sensors has also been investigated by researchers using both molecular dynamics (MD) and molecular structural mechanics approaches. Sakhaee-Pour et al. 22 implemented¯nite element molecular structural mechanics to model the vibrational behavior of SLGSs and investigated the e®ect of point mass on the fundamental frequencies for mass sensing applications. Trivedi et al. 23 investigated sensor application for detection of acetone molecules present in human breath for cantilevered single walled-boron nitride nanotube and an atomistic 3D space frame model of¯xed-free nanoresonator was developed. Arash et al. 24 investigated the application of SLGSs as mass sensors in detection of noble gases by using MD simulations. The dependence of number and location of gas atoms, size of graphene sheets and type of boundary of the sheets on the sensitivity were particularly studied.
Many researches in the literature have reported that geometric nonlinearity has a signi¯cant role in large amplitude vibration of graphene sheets and resonant frequency is related to the vibration amplitude. [25] [26] [27] [28] [29] [30] On the other hand, the reported results using nonlocal continuum elasticity with an unsubstantiated value of small-scale parameter are not realistic enough to predict the vibrational behavior of graphene sheets as resonant sensors and it is vital to calibrate small-scale parameter by comparing nonlocal and MD simulations results. 13 However, with regard to authors' knowledge, simultaneous in°uence of geometric nonlinearity and nonlocality on the frequency shift and sensitivity of nanoresonant sensors for calibrating a proper small-scale parameter has not been reported. In this study, application of SLGSs as resonant sensors in detection of ultra-¯ne metallic NPs is investigated. To take into consideration the e®ect of nonlinearity, nonlocality and atomic interactions between SLGSs and NPs, a nonlinear nonlocal plate model with an attached mass-spring system is introduced and nonlocal small-scale parameter is calibrated by matching frequency shifts obtained by nonlocal and MD simulation approaches with same vibration amplitude.
Nonlocal Plate Model for SLGS Resonant Sensors
A nonlocal continuum model for nonlinear vibration of an SLGS with attached NPs on its surface is proposed. According to its 2D geometry, a graphene sheet may be represented by an elastic nanoplate of length a, width b, the e®ective thickness h and mass density . To take into account the contact interactions in nonlocal formulation, the attached nanoparticle is considered as a mass-spring system (M 0 , K 0 ) mounted on an arbitrary position (x 0 , y 0 ) of the plate. The coordinate system (x, y, z) is located at the corner of plate such that the plate midplane coincides with xy-plane and z-axis is normal to it as it is illustrated in Fig. 1 . Invoking von K arm an large de°ection assumption and the¯rst-order shear deformation plate theory (FSDT), nonlinear straindisplacement relations can be described as 31 :
The mid-plane strains and the curvatures are described by
where ð Þ ;x and ð Þ ;y indicate the di®erentiation with respect to x and y, respectively. Also, u 0 , v 0 and w 0 are the mid-plane displacement components along the x-, y-and z-directions, while ' x and ' y de¯ne rotation about the y-and x-axis, respectively. Nonlocal continuum elasticity assumptions appear in constitutive stress-strain relations. In conventional local elasticity, stress at a point depends only on the strain at that point. Then, the macroscopic local stress component t ij at a point is related to the strain tensor component " mn at that point by the generalized Hooke's law as follows:
where C ijmn is the fourth-order elasticity tensor component. 31 On the other hand, based on nonlocal elasticity assumptions proposed¯rst by Eringen, 32 the stress at a point is related to the strain at every point of the elastic body through an integration on the whole elastic body domain. Then, Eringen 32 explained that it is possible to represent the integral constitutive relation in an equivalent simpler differential form as follows:
In which is nonlocal parameter to present the small-scale e®ects, e 0 is a material constant, a 0 is the internal characteristic length (e.g., distance between constitutive atoms), and r 2 is the 2D Laplace operator and ij is the nonlocal stress component. Setting the internal characteristic length equal to zero results in ¼ 0, and the nonlocal elasticity reduces to the perfect continuous state of local elasticity. The nonlocal stress-strain relationship for the plane stress state of nanoplates can be written as: " x0 " y0 xy0 ; ; 
The six governing equations of motion for free vibration of a shear deformable plate carrying a mass-spring system can be obtained using the principle of minimum total potential energy as 34 :
::
(Á) operator denotes di®erentiation with respect to time, t, and mass moments of inertia, I 0 and I 2 are calculated by:
The nonlinear term N ðw 0 Þ in Eq. (8c), can be written as follows 35 :
Also, the Dirac Delta function, given in Eq. (8c), is de¯ned as:
By the use of Eq. 0;yy Þ; ð9bÞ
x;xx À '
x;yy Þ; ð9dÞ
y;xx À ' ::
y;yy Þ: ð9eÞ
Equation (9c) is singular at the point (x 0 , y 0 ) where the mass-spring system is located. However, considering Eq. (8i) one can integrate Eq. (9c) on the plate domain as follows:
This integral form will be used in the Sec. 3 for the solution procedure. Both clamped and simply supported boundary conditions can be considered in transverse direction while in-plane boundary conditions are assumed to be fully immovable.
Clamped (CCCC):
Simply Supported (SSSS):
This set of partial di®erential equations should be numerically solved as a nonlinear eigenvalue problem in order to determine the frequency response of SLGSs carrying NPs.
Numerical Solution Method

PS solution procedure
Spectral methods are a class of numerical techniques in applied mathematics which have been widely applied to scienti¯c problems. 36 The collocation version of spectral method called the pseudospectral (PS) method with use of Chebyshev polynomials can be pro¯table in the case of classical elasticity problems like beams, plates and shells analysis. 37, 38 The main idea in this method is to approximate the derivative of an unknown function, F, at a collocation point by an equivalent weighted linear sum of the function values at all collocation points. In 1D domains it is explained as follows: : ð12cÞ
If A and B are two matrices of dimensions p Â q and r Â s, respectively, then the Kronecker product, A B, is the matrix of dimension pr Â qs with p Â q block form, where the i, j block is aijB. Also, I denotes the ðN þ 1Þ Â ðN þ 1Þ identity matrix. 39 Chebyshev polynomials are orthogonal in the range of ½À1; 1. Therefore, the rectangular real domain of nanoplate needs to be mapped to a 2 Â 2 square computational domain by the following transformations.
The grid points in both " y and " y directions are selected based on the Gauss-Lobatto interpolation points to optimize the distribution. 36 Also, the following dimensionless parameters are introduced to make the problem dimensionless.
where and " ! are the factual and dimensionless natural frequency of the system, respectively, and w max is the maximum vibration amplitude. For the purpose of frequency analysis, the dimensionless displacement components are considered as: " w 0 ð" x; " y; " tÞ ' x ð" x; " y; " tÞ ' y ð" x; " y; " tÞ " u 0 ð" x; " y; " tÞ
Substituting Eqs. (13)- (15) into Eqs. (9) and (10), the dimensionless nonlinear eigenvalue equations of the present system (9a)-(9f) and the dimensionless form of the integral equation (9g) and boundary conditions (10a) and (10b) can be obtained. Then, one can obtain the discrete form of equations based on the PS method by applying Eq. (12) to the dimensionless equations.
The standard matrix form of the eigenvalue problem of Eqs. (9) and (10) could be presented as follows:
where f" ug, f" vg, f " wg, f" ' x g and f" ' y g are the vectors of dimension ðN þ 1Þ 2 Â 1, which indicate dimensionless displacement components in the grid points. It should be noticed that the dimensionless discrete form of Eq. (9c) is valid in every grid points of computational domain except kth grid point associated with the point (x 0 , y 0 ) where the attached mass-spring system is located, due to the singularity of the lateral governing equation in this point. Therefore, the lateral governing equation needs to be replaced with the dimensionless discrete form of integral Eq. (9g) in the way which will be explained in Sec. 3.2.
Integral quadrature procedure
In integral quadrature (IQ) method, the main idea is to evaluate the integration of an arbitrary function, H, on a domain by a weighted linear sum of the function values, H i , at all grid points of the domain. 40 The IQ method for the present 2D computational domain can be written as:
Hð" x; " yÞd" xd" y ¼ 
For applying the method, it is necessary to determine the associated weighting coe±cients, l i . It can be simply performed by introducing a set of ðN þ 1Þ 2 polynomial test functions as follows 40 :
As the values of these polynomials are known in the grid points and the values of their integrals on the domain can be easily computed, the weighting coe±cients matrix, [L], will be evaluated through an inverse problem. Here, the IQ method is implemented to evaluate the discrete form of integral governing equation, Eq. (9g). Now, the singular lateral governing equation in kth grid point in Eq. (16) can be replaced with IQ discrete representation of integral equation using the following matrix form: 
Components of ½K are equal to zero except than two components in kth row which contains terms from the right hand of Eq. (9g). Due to the simple form of matrices ½Î and ½K, Eq. (19a) can be rewritten in the following form:
where
To establish the standard eigenvalue form of the problem, the displacement vectors can be divided to the boundary and the domain parts as follows.
where the subscripts b and d indicate boundary and domain, respectively. Then, the resulting eigenvalue of equations can be written in the matrix form as:
or
Eliminating the boundary displacement vector, fbg, from Eq. (22) one obtains
where ½ " M is the total mass matrix and ½ " K is the total sti®ness matrix which contains the linear and nonlinear sti®ness terms and therefore is a function of displacements.
The nonlinear frequency response of SLGSs with an attached mass-spring system will be iteratively determined with the following stepwise algorithm: At the¯rst, the nonlinear terms in sti®ness matrix, ½ " K are neglected and the linear eigenvalue problem is solved to obtain the linear frequencies and associated mode shapes. Then, the mode shapes are scaled up to a given vibration amplitude, " w max and are used to calculate nonlinear coe±cients. After that, the updated eigenvalue problem is solved to determine the nonlinear frequencies and mode shapes. The iteration continues until the nonlinear eigenvalues converges with a desired accuracy. 41 
MD Simulation of SLGSs Resonant Sensors
In nanoscale computations, the MD method is widely used for simulating the interatomic interactions. The method determines the trajectories of a group of interacting particles by solving the Newton's equations of motion for the system, where interactions are de¯ned by potential functions. In the present study, MD simulation has been employed to investigate the vibration characteristics of SLGSs carrying ultra-¯ne metallic NPs by using the open source well-known software i.e., large-scale atomic/molecular massively parallel simulator (LAMMPS) through a velocity-Verlet algorithm with a time step of 0.5-1 fs to integrate the Newton's equations of motion. Three types of interactions exist in the system: carbon-carbon interactions inside the SLGS, metal-metal interactions inside NPs and carbon-metal interactions which remain NPs on the surface of the SLGS. For the¯rst one, carbon-carbon, the adaptive intermolecular reactive empirical bond order (AIREBO) potential of Stuart et al., 42 which is addressed by many researchers for SLGSs, is applied. It contains the following terms:
E REBO is the famous hydrocarbon REBO potential, 43 which represents short ranged C-C covalent interactions, while E LJ and E TORSION describe the standard Lennard-Jones (L-J) and four-body torsion potentials, respectively. To simulate metalmetal interactions, the embedded-atom method (EAM) potential of Daw and Baskes 44 is applied. The metal-carbon interactions are assumed as a non-bonded van der Waals atomic force which is considered using the standard pairwise 6-12 L-J potential as follows:
where " eff and " eff , are respectively the e®ective coe±cients of well-depth energy and the equilibrium distance, r is the interatomic distance and r c is the cut-o® radius. These e®ective coe±cients for carbon-metal interactions can be approximated using the Lorentz-Berthelot mixing rules 45 :
Subscripts m and c indicate metal and carbon L-J coe±cients which are tabulated in Table 1 for various types of metal element. 45, 46 The MD simulations are performed based on the following steps: At¯rst, a minimization process is done to locate the metallic NPs in an equilibrium distance next to the surface of SLGS. Then, the system is allowed to be freely relaxed in a desired temperature for a proper time period by applying the Nose-Hoover thermostat. 47 Boundary conditions are implemented by¯xing one layer of carbon atoms on the edges of SLGS. It should be mentioned that these boundaries determine the active area of SLGS in vibrating motion and the length and the width of SLGS are speci¯ed based on these boundaries. It means if in practical situation for stronger supporting, there are more¯xed layers of carbon atoms in SLGS edges, they will not be considered as a part of vibrating SLGS. The vibrational motion of the SLGS sensor can be stimulated by applying an initial displacement associated to its approximate fundamental mode shape. In order to avoid the e®ects of the thermostat during free vibration simulation, a constant total energy ensemble (NVE) is applied and the graphene sheet with attached metallic nanoparticle is allowed to vibrate freely. As the whole the system is vibrating with its fundamental frequency, during the vibration motion all atoms of the system vibrate with an identical frequency and therefore the natural frequency can be captured from the lateral position trajectory of any individual sample atom or a group of atoms by implementing the fast Fourier transform (FFT) method. Here, we use the trajectory of the central carbon atom of the graphene sheet during a su±-cient time period.
Results and Discussion
In the following, results are presented to investigate the potential application of SLGSs as resonant sensors in detection of ultra-¯ne attached metallic NPs. At¯rst, validation and convergence study of nonlocal results is performed. Then, it is useful to draw attention to some characteristics of metallic NPs like average radius and e®ective spring constant. After these evaluations, the in°uence of nonlinearity and nonlocality on frequency shift and sensitivity of the sensor is discussed in detail. 3 and e®ective thickness h ¼ 0:34 nm. Observing MD simulations, carbon atoms next to the boundaries of SLGSs can easily move in transverse direction and the slope of deformed SLGSs next to the boundaries is considerable during vibration. Accordingly, the associated boundary conditions in the presented nonlocal results are chosen simply supported conditions, in spite of possibility of considering both clamped and simply supported boundaries in the solution method. Also, since the nonlocal continuum model has been established for the free vibration of a perfect°at nanoplate, in order to avoid thermal°uctuations and for the possibility of comparison, all MD simulations are performed at low temperature conditions, i.e., 1 K.
Validation and convergence study of nonlocal model
The validation and convergence study of nonlocal results are done to be sure about the reliability and accuracy of mathematical model and the numerical solution procedure. Fundamental linear frequency of a bare SLGS without any attached nanoparticle for various values of small-scale parameter, length size and aspect ratio is presented in Table 2 . In°uence of attached mass-spring system on frequency response of the plate is presented in Table 3 and results are compared with exact results reported in Ref. 50 . For possibility of comparison, small-scale parameter, "
, is considered equal to zero and thickness to length size ratio is set to ¼ 0:001, as the results in Ref. 50 are presented for a thin macro plate. The desirable match between present and exact results proves the accuracy and e±ciency of combined PS and IQ approach in prediction of vibrational characteristic of systems with concentrated objects. 
Characteristics of attached metallic NPs
As the detection criterion of resonant sensors is established based on measuring mass of attached NPs using frequency shift, presented conclusions will be generally valid for any type of attached particle. However, in the present work, three types of metallic NPs consist of copper (Cu) or silver (Ag) or gold (Au) elements are considered as the case study, due to their wide applications in nanotechnology. The properties of these NPs are listed in Table 1 . In order to¯nd a relationship between number of consisting atoms of a nanoparticle, N p , and the radius of nanoparticle, R, a sphere of the radius R is assumed randomly inside a face-centered cubic (fcc) lattice of metal, as shown in Fig. 2(a) . It is obvious that the lattice constant, L c , is the main e®ective parameter in this evaluation. Number of consisting atoms with respect to the dimensionless parameter, ðR=L c Þ, is illustrated in Fig. 2(b) for various types of NPs. As the value of lattice constant for both Au and Ag NPs is almost equal, they have same number of consisting atoms for a certain value of R. Applying a¯tting procedure, the number of consisting atoms and the radius of nanoparticle can be approximately related based on the following cubic equation:
Iron (Fe) nanoparticle with a constant lattice of L c ¼ 2:866 Å is also presented for more evaluation of Eq. (27) . An acceptable match between predicted N p using Eq. (27) and the values obtained from MD simulations is observed. As the mass of NPs can be explained using atomic mass, m a , as M 0 ¼ N p m a , it is easy to relate the frequency shift of resonant sensor to the size of nanoparticle by use of Eq. (27) . In MD simulations, interactions between metallic NPs and SLGSs are considered using nonbonded L-J potentials. On the other hand, in continuum view, these interactions are represented by a linear spring which connects the nanoparticle to the surface of the SLGS. Viewing snapshots of MD simulations reveals that during vibrational motion, attached nanoparticle remains in an almost constant equilibrium distance next to the SLGS surface. It can be concluded that an equivalent spring constant near this equilibrium distance may be obtained to be used in nonlocal continuum model. To determine an approximation for this equivalent spring constant, an MD simulation procedure is performed as following: The nanoparticle is located next to the surface of SLGS and a minimization process is done to place it near the equilibrium distance. Then, the nanoparticle and the SLGS are allowed to be relaxed during a long enough time period. In this stage, a small displacement x is applied to the nanoparticle in both directions along z-axis and the sum of associated interacting forces to the nanoparticle in z-axis direction, F z ð x Þ, is obtained [see Fig. 3(a) ]. Then, the equivalent spring constant can be approximated as follows:
Results reveal that as the small displacement increases slightly, relationships between interacting force and displacement is almost linear that conrms the validity of Eq. (28) at the neighborhood of equilibrium state. It is clear that the spring constant is related to the number of consisting atom of NPs, N p , as K 0 ðN p Þ. Since the atoms facing directly to the surface of SLGS are more active during interaction in comparison with those on the top of nanoparticle, the spring constant may be proportional to the number of active atoms, N act p . Two limiting cases are envisioned: all atoms within the particle volume or only those on the projected area of the nanoparticle active. This projected area is proportional to R 2 , and R is related to the number of consisting atoms based on Eq. (27) with a power of 1/3. Therefore, it could be concluded that spring constant is proportional to the number of consisting atoms as, Figure 3(b) illustrates the dimensionless spring constant K 0 ðN p Þ=K 0 ð1Þ with respect to the number of consisting atoms, N p , for Au, Ag and Cu NPs. It is found by best¯tting that the spring constant is proportional to N p raised to the power of about 3/4, in agreement with the predicted range of the scalling, thus:
Frequency shift and sensitivity of SLGS sensors
The capability of an SLGS as a resonant sensor is related to its frequency shift, Áf, due to changes in the value of attached mass, M 0 . Frequency shift is de¯ned as the di®erence between fundamental frequency of an SLGS with attached NPs, f, and fundamental frequency of a bare SLGS, f 0 , and relative dimensionless frequency shift is indicated as ðÁf=f 0 Þ ¼ 1 À ðf=f 0 Þ. The resonant sensor may have the potential to operate in two general ways: The¯rst one is to measure the mass value of one speci¯ed object, here a metallic nanoparticle, which is located at a certain position of SLGS surface. In the following, this situation is called \concentrated" case. The second way is to detect the molar concentration of a group of distributed objects, here distributed metallic NPs with various sizes, by measuring the total mass of them. In particular, the NPs are distributed on the surface of SLGS randomly. In the coming results this case is called \distributed" case.
In continuum model, distributed case may be considered by modifying density of SLGS as ¼ þ Á where Á ¼ M 0 =ðabhÞ. This assumption results in perfect dispersing of attached mass on the SLGS surface. Since the resonant frequency of an SLGS is proportional to ffiffiffiffiffiffiffi ffi 1= p , the dimensionless frequency shift for distributed case can be calculated as follows: signi¯cantly changes the resonant frequency, it is found that the dimensionless frequency shift is independent of these e®ects and matches well to the plot of Eq. (30) which proposes that this simple equation can be used precisely for distributed case with any combination of nonlinearity and nonlocality. Concentrated case is indisputably more complicated than distributed one as the simple proportional ratio between resonant frequency and total mass of the system cannot be used due to the point load nature of the attached mass. The position of concentrated nanoparticle on the surface of SLGS is also an e®ective issue. Figure 5 gives the in°uence of the nanoparticle position on linear dimensionless frequency shift of an SLGS with " ¼ 0:01 carrying a nanoparticle of the mass, " m ¼ 0:5. Although the absolute maximum frequency shift occurs when the nanoparticle is exactly located at the center of SLGS, for a central area equal to 25% of the total sensing surface, the frequency shifts are at least 70% of the absolute maximum value; frequency shifts decrease dramatically by approaching the boundaries. From a practical point of view, it is di±cult to place the NPs exactly at the center; however, for concentrated case the adsorbing mechanism should be optimized to locate NPs as near as possible to the center. Both the proposed continuum and MD approaches has the ability to take into account the e®ect of position on frequency shifts. However, here for the concentrated case all the results are presented for NPs located at the center to show the maximum performance of SLGS sensor as the upper limit of operation. Figure 6 illustrates the dimensionless frequency shift versus dimensionless mass, attached at the center of SLGS, for various values of vibration amplitude and nonlocal parameter. Results reveal that increasing " w max as well as decreasing " cause an increase in dimensionless frequency shift. To o®er a deeper insight to the relationship between these parameters, a general equation is proposed and is tted to numerical result during a best¯tting process as follows:
The assumed general form of Eq. (31) is taken from the equation presented in Ref. 16 for linear dimensionless frequency shift of cantilever SLGS resonant sensors. Also, for adding nonlinear e®ects, an increasing factor is assumed since the results show that nonlinearity increases dimensionless frequency shift proportional to the square of vibration amplitude that shows the well-known hardening behavior. Figure 6 mass is uniformly distributed on the surface of the sensor. Dimensionless sensitivity, S, is de¯ned as the partial derivative of dimensionless frequency shift with respect to dimensionless mass, @ðÁf=f 0 Þ=@ð " mÞ. In the other words, sensitivity is equal to the slope of ðÁf=f 0 Þ À " m curves and therefore is a function of dimensionless mass. It can be easily obtained from Eqs. (30) and (31) for distributed and concentrated cases, respectively:
ðconcentrated caseÞ: ð32bÞ Figure 7 demonstrates variation of dimensionless sensitivity versus dimensionless mass for various combination of nonlinearity and nonlocality. In general, sensitivity increases when the dimensionless mass decreases and the maximum sensitivity is achieved when the mass tends to zero and for the values of dimensionless mass greater than one, " m > 1, sensitivity reduces dramatically and the e®ects of nonlinearity, nonlocality and distribution is almost ignored. It means SLGSs are not much sensitive to changes of the value of attached mass when they are detecting NPs with the masses in the order of the mass of SLGS. Also, it is shown that distributed case is less sensitive than concentrated one and the maximum value of sensitivity for distributed case is obtained equal to 0.5 when " m ! 0. For concentrated case, one can observe that increasing vibration amplitude as well as decreasing nonlocal parameter increases the sensitivity of the SLGS resonant sensor.
MD results and calibration of nonlocal parameter
In what follows, frequency shifts and sensitivity of SLGS resonant sensors will be presented and results from nonlocal continuum and MD simulations will be compared to calibrate the nonlocal small-scale parameter. An armchair SLGS of dimensions of 6:96 nm Â 3:64 nm (a is the longer side for evaluation of " ) consisting 1044 carbon atoms with total (b) Fig. 6 . In°uence of (a) nonlocality and (b) nonlinearity on dimensionless frequency shift for concentrated case.
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area of 25.33 nm 2 and aspect ratio of ¼ 1:91 is selected for simulating a resonant sensor to detect ultra-¯ne metallic NPs (see Fig. 8 ). Observing MD results reveals that the frequency response is related to vibration amplitude and hardening behavior also occurs in the molecular model. Hence, before making any comparisons, it is indispensable to choose a proper value of vibration amplitude. From MD simulations point of view, the vibration amplitude needs to be large enough not to be disturbed by the movements of SLGS and attached NPs during simulations. In order to avoid these undesirable e®ects and to obtain the frequency response accurately, the value of vibration amplitude in all MD simulations is selected equal to w max ¼ 3 Å which is associated with nondimensional vibration amplitude " w max ¼ 0:88 in nonlocal continuum model. Figure 9 (a) demonstrates frequency spectrums plots obtained from FFT for MD vibration analysis of the SLGS resonant sensor carrying various numbers of Cu atoms. The picks in frequency spectrum graphs show the frequency of vibrating motion of the sensor with connected NPs. As it is expected, increasing the total mass of connected NPs decreases the frequency of the sensor. Also, Fig. 9 mass is used. It is seen that classical continuum elasticity with " ¼ 0 overestimates the frequency shift, while the nonlocal model with calibrated nonlocal parameter equals " ¼ 0:0075ðe 0 a 0 ¼ 0:6 nmÞ can¯t MD results accurately. In order to clarify some misunderstandings in calibration of small-scale parameter, linear nonlocal results with " w max ¼ 0 are also demonstrated in Fig. 10 . Because of neglecting the hardening e®ect, the frequency shifts predicted based on linear vibration analysis are signi¯cantly lower than nonlinear ones with same nonlocal parameter. At the¯rst glance, one may conclude that classical linear model with " ¼ 0 and " w max ¼ 0 makes a good match to MD frequency shifts; however, comparing the linear analysis, which neglects considerable slops in strains, with MD simulation results of large amplitude vibration is fundamentally wrong. In fact, in linear classical (local) continuum analysis, the underestimation of frequency shift because of neglecting the hardening e®ect is countervailed by overestimating frequency shift due to neglecting the nonlocal e®ects and the resultant predicted frequency shift gets close to MD simulation results by chance. Therefore, neglecting nonlinear e®ects may make the wrong conclusion that nonlocal e®ects are not signi¯cant in prediction of frequency shift. Also, the frequency shifts calculated by Eq. (31) with " w max ¼ 0:88 and " ¼ 0:0075 are also plotted as¯tted with MD results accurately.
Finally comparison between MD and nonlocal results are done for distributed case. Figure 11 (a) illustrates the molecular model for a random distribution of metallic NPs with various sizes and a total number of consisting atoms, N p , adsorbed on the surface of SLGS sensor. Figure 11 (b) demonstrates MD dimensionless frequency shift for the three types metallic NPs with total dimensionless mass in the range, 0-2. The dimensionless frequency for distributed case obtained from both nonlocal model with " w max ¼ 0:88 and " ¼ 0:0075 and Eq. (31) are also presented. It is observed that MD results are close to continuum results especially when the dimensionless mass increases. The reason is that since a maximum size is assumed for ultrane attached nanoparticle, increasing the total mass results in more uniform distribution of NPs. It can be concluded that continuum model can predict frequency shifts with an acceptable accuracy. For distributed case, it is shown in the previous section that, although resonant frequency is significantly a®ected by nonlinearity and nonlocality, dimensionless frequency and sensitivity are almost independent from these e®ects and can be estimated simply by the use of Eqs. (30) and (32a).
Conclusion
In the present study, the potential application of SLGSs as nanoresonant mass sensors in detection of ultra-¯ne metallic NPs is investigated by using both MD and nonlocal elasticity approaches. A combination of PS and IQ methods is implemented to numerically determine frequency shift and sensitivity of the sensor. The conclusions are listed as follows.
. Vibration amplitude has a signi¯cant e®ect on predicted frequency shift of SLGS sensors in both MD simulation and nonlocal continuum approaches and neglecting this e®ect may result in wrong calibrated nonlocal small-scale parameter. . Increasing the small-scale parameter causes a decrease in both frequency and frequency shift. It means neglecting nonlocal small-scale parameter results in overestimating the frequency, frequency shift and sensitivity of SLGS resonant sensor. A proper value of small-scale parameter can be found that matches the nonlinear nonlocal frequency shifts with those obtained from MD simulations. . Distribution of metallic NPs on the surface of SLGS resonant sensors has a signi¯cant e®ect as the relative frequency shift and sensitivity decrease when NPs are dispersed more uniformly on the surface of SLGS rather than they are accumulated near the center of SLGS. However, the in°uence of nonlinearity and nonlocality on relative frequency shift decrease when NPs are more dispersed on the surface.
